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Abstract 

We propose a concrete application of the Atiyah-Singer index formula in 
molecular physics, giving the exact number of levels in energy bands, in terms 
of vector bundles topology. The formation of topologically coupled bands is 
demonstrated. This phenomenon is expected to be present in many quantum 
systems. 
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1 Introduction 

Molecular spectra of small molecules possess thousands of energy levels which are 
known with high precision and characterize the dynamical behavior of nuclei and 
electrons in very fine details. Thus a qualitative approach may be useful in front of 
the huge complexity of the spectrum jj], ||, |^| . Due to symmetries of different origins, 
the energy levels are often regrouped together in multiplets with quasi-degeneracies, 
forming so called energy bands. In terms of dynamics, the fine structure of the bands 
reflects a slow motion, whereas the coarser repartition of different energy bands is 

related to a faster motion. These two motions can be strongly coupled together. 
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Several typical molecular examples can be suggested to illustrate the presence of 
such a band structure and the evolution of this band structure with the variation 
of external parameters. 

i) Vibrational structure of different electronic states. The existence of a fine 
vibrational structure associated with different electronic states is the standard con- 
sequence of the Born-Oppenheimer (adiabatic) separation of electronic and nuclear 
variables in molecules based on the smallness of the ratio (rrie/Mn) 1 / 4 ~ 1/10 (here 
m e and M n are the electron mass and the typical mass of nuclei) j| . 

ii) Rotational structure of different vibrational states. The rotational excitations 
are typically smaller than the vibrational ones. The quantum spectrum has a fine 
rotational band structure associated with a more crude vibrational structure. The 
absolute value J of the angular momentum is a strict integral of motion for an 
isolated molecule, and can be used as a natural parameter to analyze the evolution 
of rotational bands || . 

iii) A more sophisticated example considered in this paper arises for systems 
which possess vibration modes with (quasi)-degenerate frequencies. Such a situa- 
tion typically takes place in problems with symmetry. The description of the degen- 
erate vibrations in the harmonic oscillator approximation gives an energy spectrum 
formed by degenerated energy levels, the so called polyads. Each polyad is char- 
acterized by the total number of vibrational quanta N, it contains. In systems 
where these vibrational modes are coupled with electronic states, one obtains an 
electronic-vibrational (vibronic) band structure. A typical question is the evolution 
of this vibronic band structure with N || [| and its persistence (or reorganization) 
as a function of external physical parameters. 

In all these previous examples, when an external parameter is varied, along with 
modifications of the internal structure of each isolated band, one observes more 
serious modifications of the global band structures [Q, ||, ^, |l(| Sometimes 
two bands come in contact. During this contact, a certain number of levels pass 
from one band to the other, resulting in a redistribution of levels between bands. 
These qualitative phenomena reflect band structure properties which are robust 
under modification of parameters, except for abrupt structure changes, and suggest 
a topological description. One expects a characterization of each band which would 
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give the precise number of levels it contains, and would predict the possible band 
change of structure under an external parameter variation. Such a characterization 
has been done for rotational bands in |l^, [l3) . It has been shown that an integer 
topological Chern index can be attributed to each individual rotational band and 
a generic modification of the band structures is related to the exchange of one 
energy level between two consecutive bands. The presence of symmetry leads to 
more complicated redistribution of energy levels between bands. The purpose of 
the present paper is to describe a new qualitative phenomenon related with the 
formation of topologically coupled bands. 

The mathematical approach which we need to characterize these qualitative 
modifications is a semi-classical analysis within the Born-Oppenheimer approxima- 
tion and topological analysis of vector bundles. Precise mathematical theories are 
developed in 

For rotational bands, the topological phenomena are quite simple due to the 
fact that the slow rotational motion has one degree of freedom, and takes place on 
a two dimensional sphere |l2[ We present now a more interesting example both 
from the physical and mathematical point of view, where the slow motion comes 
from molecular vibrations and has two degrees of freedom (a four dimensional phase 
space). 



2 Semi-quantum model with CP classical phase 
space 

We first consider three vibrations with the same frequency (1:1:1 resonance) de- 
scribed by 

Hvi b = £ \{pl + ql)= £ \Z k \\ (1) 

fe=l,2,3 fc=l,2,3 

where a complex notation Zk = (qk + ipk) / V% is used. The time evolution of a point 
Z = (Zt, Z2, Z3) in phase space C 3 is given by a phase factor: Z(t) = exp (—it) Z(0). 
The family of (closed) trajectories of a given energy, say E = 1, forms a four 
dimensional phase space [4 = 6— l(energy) — l(time)] which is a reduced phase space 
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from the classical mechanics point of view. This space is known in mathematics as 
the complex projective space and noted CP 2 = P(C 3 ): a point in CP 2 corresponds 
to a given closed trajectory of energy E and will be noted by [Z] in the sequel. The 
corresponding quantum Hamiltonian H V ib — Ylk=i 2 3 a t a k + 3/2 is obtained by 
replacing Zk,Zk by operators a^a^ respectively. A given energy level is thus an 
integer TV plus 3/2, and this level is degenerated with multiplicity 

Mo = (N + 1) (N + 2) /2. 

The associated eigenspace H po iyad = C - ^ is called the polyad N, and corresponds 
to the classical phase space CP 2 ]i"7| |. 

Let us now consider a more complicated system where the previous degenerated 
vibrations are coupled with additional degrees of freedom. An explicit model will be 
given in the next section. We first discuss physical situations in molecular physics 
which motivate this model. 

Suppose that these additional degrees of freedom have much higher energy ex- 
citations, which can be related, for example, to electronic excitation, or to another 
vibrational excitation with higher frequency. Due to this higher scale of energy, it 
is sufficient to take into account only finite (and rather low in fact) number of quan- 
tum states of this second subsystem, called the "fast" subsystem. In the absence of 
quasi-degeneracies in the fast subsystem one state should be sufficient, but in the 
case of the presence of degeneracies or quasi-degeneracies we should naturally treat 
together all the quasi-degenerate quantum levels. 

Such a situation takes place, for example, for the dynamic Jahn- Teller effect of 
type F — f [|l8) , which describes the coupling of the triply degenerate vibrational 
modes, with a multiplet of triply degenerate electronic states. Although in the 
standard treatment of Jahn- Teller effect the coupling between vibrational states 
from different polyads is explicitly taken into account Jji| |l9[ [2(J, in the limit of 
weak Jahn- Teller coupling, the restriction to the effective model for an isolated 
polyad is quite natural | f2l| , |22| |. We deal with this effective model here. 

Another similar and natural example is the vibrational structure of combination 
bands ^3 + N 1/4 in tetrahedral AB4 type molecules. Due to tetrahedral symmetry 
both vibrational modes ^3 and ^4 are triply degenerate. The ^3 frequency which is 
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mainly due to A-B stretching vibrations is typically higher than the va frequency, 
associated with bending. In the absence of resonance between and v± we can 
treat the combination band ^3 + N U4 as formed by three bands associated with 
three quantum states corresponding to one quantum excitation of triply degenerate 
^3 mode. Each of these quantum states is associated with the sequence of vibrational 
polyads formed by V4 overtones. 

In both cases, purely vibrational and Jahn- Teller, the mathematical model can 
be formalized in the same way. We consider the coupling of three quantum states 
with vibrational polyads formed by triply (quasi) degenerate modes. We associate 
the three quantum states with the high-frequency motion (it is the "fast" subsystem) 
and vibrational polyads with low-frequency motion (it is the "slow" subsystem). 
To simplify the language we will speak about "fast" subsystem as electronic and 
about "slow" subsystem as vibrational. The general structure of this model can be 
described as "semi-quantum" model. The notion "semi-quantum" used in some of 
earlier publications |ll| reflects the presence of two subsystems, one is treated 
as classical whereas another as purely quantum. 

The simplest model assumes the degeneracy of electronic states and the degener- 
acy of vibrational states within polyads. Among the possible physically interesting 
corrections there are: 

i) vibrational couplings and anharmonicities which result in splitting of degen- 
eracies in vibrational polyads, but make no distinction between different electronic 
states; 

ii) pure electronic splitting, which does not influence the internal vibrational 
polyad structure and can be present either (in the absence of symmetry) due to 
initial splitting of accidentally quasi-degenerate electronic states or produced by 
symmetry breaking effects like external electric or magnetic fields; 

iii) vibronic coupling between electronic and vibrational states. 

We will suppose that the purely vibrational coupling is not important, because 
it modifies only the internal structure of energy bands. Two really different limit 
cases are ii) and iii) above. They correspond to situations with, on one hand, purely 
electronic splitting being large as compared to vibronic coupling and on the other 
hand with the vibronic coupling being the most essential. Naturally, this last case 
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corresponds to strictly degenerate (for example due to symmetry) electronic states. 

The simultaneous presence of a pure electronic splitting and a vibronic coupling 
will be described by an explicit model in the next section, eq.(||). We will introduce 
an external parameter A = — > 1, which will relate the two extreme situations ii) 
and iii). 

2.1 A matrix model 

Let us describe three "electronic" states by the quantum Hilbert space Heiec = C 3 . 
We suppose that vibronic (electronic-vibrational) coupling is sufficiently small as 
compared to vibrational frequency and can be taken into account only through 
interactions between polyads with the same polyad quantum number N which be- 
long to different electronic states. This means that the total Hilbert space, we are 
interested in, Htot — Hpoiyad ® Heiec has dimension 37Vo- 

The main effect of the coupling is to remove the degeneracy of the triplets 
of vibrational polyads. In the "semi-quantum" description of Born-Oppenheimer 
approximation, when the vibrational motion is treated classically, and the electronic 
motion is still quantum, the coupling results in a slow precession of the orbits, that 
is a slow motion of the representative point in CP 2 . We will introduce the simplest 
form of the coupling, in a way similar to the standard spin-orbit coupling S • L, 
but now the coupling is chosen to be invariant with respect to the SU(3) symmetry 
group. For that purpose, we extend the SU(3) symmetry of the three-dimensional 
harmonic oscillator ([|) to the three electronic states, supposing that the space 
Heiec is the three-dimensional fundamental representation of SU(3), and that the 
Hamiltonian H\ below is SU(3) invariant. 

In the spirit of semi-quantum approach, a classical Hamilton function is defined 
on phase space CP 2 with values in the space of 3 x 3 Hermitian matrices: 

{H l {[Z])) i . =l ^ = ZlZ j l{ £ \Z k A={\Z)(Z\\ J . 

\fc=l,2,3 J 

The last expression shows that H\ ([Z]) can be interpreted geometrically as a pro- 
jector in Heiec space onto the one dimensional space, a line, defined by the value 
of \Z\. From this, the eigenvalues of H\ ([Z]) are E^ine = 1, and Eorth — with 
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multiplicity two. "Orth" is for the two dimensional space orthogonal to the line. 

Now we consider the quantum operator Hi obtained from the matrix valued 
function Hi by replacing , Zk by operators , respectively. We expect that 
Hi has two different eigenvalues close to Eune = 1, and Forth = (in the semi- 
classical limit N — > oo). From its invariance under the SU(3) group action, the 
eigenspaces of Hi are irreducible representations of this group with respective di- 
mensions NhineiNorth- The eigenspaces of Hi are obtained by Young tableau 
technics, see figure 0. The Weyl's formula gives 

M Li ne = (N + 2)(N + 3) /2, 
North = N(N + 2). 

H tnt = H , ® H = Band "Line" © Band "Orth" 

luL polyad elec 

Figure 1: Spectrum of Hi in terms of SU(3) representations. 

The splitting of the whole system of 3(N + 1)(N + 2)/2 energy levels into two 
bands is the result of the SU(3) symmetry of the model Hamiltonian Hi. We can 
now introduce the perturbation which breaks the SU(3) symmetry, and analyses the 
persistence of the two bands and the possible evolution of the band structure. In 
order to see qualitative modifications of the band structure, we introduce an external 
parameter A and construct a one-parameter family of Hamiltonians H\, X £ [0, 1], 
which relates the Hamiltonian Hi introduced above, with a Hamiltonian Hq which 
does not depend on \Z\ (no vibronic coupling) but possess three non-degenerate 
electronic states: 

H X ([Z]) = (1-X)H + XH 1 ([Z]), (2) 
with H = Diag (-1,0, 1) . 

For A = 0, every eigenvalue E = —1,0,1 of the Hamiltonian H has multiplicity 
A/o. As A varies from to 1, we get a redistribution of the energy levels from three 
groups of levels towards two groups, as shown on figure ||(a). 

The physical interpretation of the family of Hamiltonians (||) can be done for 
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Figure 2: (a) The exact spectrum of H\, for JV = 4, with a transfer of AiV = 
TV + 2 = 6 levels towards the upper group. 

(b)The continuous bands spectrum in the Born-Oppenheimer approximation, inter- 
preted as vector bundles. The Atiyah-Singer formula @ gives the number of levels 
of a given band, say Nn ne , in terms of the topology of the vector bundle Vnne- 
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both realizations mentioned above, the vibrational structure of the combination 
bands and the Jahn- Teller effect. 

In the case of vibrational combination bands the H Hamiltonian corresponds to 
the vibrational structure formed by overtones of triply degenerate harmonic oscilla- 
tor coupled with three close but non-degenerate vibrational states with higher fre- 
quencies. The Hi term introduces the interaction between low and high frequency 
states. It becomes leading term as soon as the splitting between high frequency 
states goes to zero or equivalently as soon as the coupling between low and high 
frequency motion becomes more important than the high frequency splitting. This 
means, for example, that the formal parameter A in Eq. (||) can be associated with 
the polyad quantum number N which is naturally responsible for the strength of 
the interaction between slow and fast subsystems. 

For the Jahn- Teller F — f problem the Hamiltonian Hi appears in a natural 
way as a diagonal in polyad quantum number effective operator. At the same time 
the Hq limit formally corresponds to the absence of the Jahn- Teller effect and even 
to the absence of the three-fold degeneracy which is the origin of the Jahn- Teller 
interactions. To give again a physical significance to the family of Hamiltonians (^), 
one should introduce the reason of the splitting of electronic states. This can be 
formally done by adding some external magnetic field. In such a case, to approach 
the H limit, the splitting caused by magnetic field should become larger than the 
splitting of vibrational polyads caused by pseudo Jahn- Teller interactions, i.e. by 
vibronic interactions between different non-degenerate electronic states. Similar 
effect can be produced by any symmetry breaking effect whose influence is much 
more important on electronic subsystem than on vibrations. 

2.2 Symmetry analysis of band decompositions 

From the point of view of the Jahn- Teller dynamic effect the most interesting 
prediction of our topological analysis is the splitting of the whole multiplet of 
3(N + 1)(N + 2)/2 vibronic states into two groups which we will interpret later 
as an elementary band "Line" and a topologically coupled band "Orth.", both with 
non trivial topological Chern class. From the point of view of practical applica- 
tions of this statement to concrete molecules, the simple number of states is clearly 
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an insufficient information in order to interpret the observed energy level pattern 
formed by two different bands. A much more detailed and useful description of two 
bands can be done by indicating the symmetry of all levels forming each band. In 
the case of high symmetry molecules this information significantly reduces possible 
misinterpretation of the band structures in concrete examples. This is why, before 
going to more general topological characterization, we look now at the problem of 
the decomposition of the whole set of energy levels into different bands, from the 
point of view of different symmetry groups. 

The highest symmetry is the SU(3) symmetry which is the dynamic symmetry 
group of the 3-D isotropic harmonic oscillator (|]) . The actual invariance group of 
the concrete molecular problem is a finite point symmetry group G (tetrahedral 
G = Td or octahedral G — Oh for examples mentioned in this paper). The very 
convenient approximate intermediate symmetry group 0(3) is quite useful to give 
additional label for groups of levels. The classification based on the chain of group 
SU(3)D 0(3) D G enables one to verify the presence of groups of levels which can 
be interpreted as bands. 

In the case of F2 — fi Jahn- Teller effect (the coupling of triply degenerate elec- 
tronic state of F2 symmetry with vibrational polyads formed by triply degenerate 
vibrations of the same symmetry for molecule with Td symmetry group) the splitting 
into two bands associated with two irreducible representations of SU(3) dynamical 
symmetry group is followed by further decomposition into irreducible representa- 
tions of 0(3) and Td groups. For low vibrational polyads this decomposition is given 
in Table [l] through the decomposition of each band into irreducible representations 
of the symmetry group Td and intermediate 0(3) symmetry group. 

The decomposition into two bands with (N + 2)(N + 3)/2 and 7V(iV + 2) energy 
levels is imposed by the approximate dynamical SU(3) symmetry which becomes an 
exact symmetry for the Hamiltonian (||) in the limit A = 1. The important point 
now is the justification of the persistence of this decomposition found in the absence 
of SU(3) symmetry, on the basis of topological arguments. 
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Table 1: Splitting of multiplets of vibrational polyads into two bands for weak 
F-2 — f 2 Jahn- Teller problem. Energy levels forming each band are listed by their 
symmetry labels for polyads with N = 1, 2, 3, 4, 5. First sub-line gives for each band 
the decomposition into irreducible representations of T d symmetry group. Second 
sub-line gives similar decomposition in the case of 0(3) invariance group. 



Band 


Degen 


N = 1 


N = 2 


N = 3 


Line 


(iV + 2)(iV + 3)/2 


A U E,F 2 


A 1 ,F 1 ,2F 2 


2A 1 ,2E,F 1 ,2F 2 








lit) 


9 ,2 3 ,4 3 


Orth. 


N(N + 2) 


Fx 


E, Fi , F<i 


A 2 ,E, 2F 1 ,2F 2 






1 S 




Ig, 2g, 3g 






N = 


4 


N = 5 



A U E, 2F 1 ,4F 2 2A 1 ,A 2 ,3E,2F 1 ,4F 2 
lit) &u Og? 4^, 6^ 



, A 2 , 2£, 3Fi , 3P 2 A u A 2l 3E, 5F X , 4P 2 
1 u-i 3^, 4 U 1^, 2^, 3^, 4^, 5^ 

3 Topological interpretation 

We now proceed to the interpretation of the redistribution phenomenon observed in 
figure |^(a) within the Born-Oppenheimer approximation using the semi-quantum 
model. The matrix H\([Z]) has three eigenvalues E\ (A, [Z]) < E 2 (A, [Z]) < 
E 3 (A, [Z]) forming three bands when [Z] G CP 2 varies, see figure ||(b). The vi- 
brational motion is now treated classically, and so the fine structure of figure ||(a) 
(due to quantization of the vibrations) , has been replaced by a continuous distribu- 
tion of energies. Degeneracies between consecutive bands occur for certain values 
of (A, [Z]). Between bands 2 and 3, there is a degeneracy surface in the range 
1/2 < A < 2/30 . For a fixed value of A, the associated eigenspaces of the eigenval- 
ues Ei,E 2 ,Es also depend on [Z] and therefore define vector bundles^ over CP 2 . 
The rank r of the bundle is the dimension of these eigenspaces. 

The topology of a general vector bundle F over CP 2 is characterized by its 
rank r and a polynomial C(P) = 1 + Ax + Bx 2 , called the total Chern class, with 
integer coefficients A, B S Z, see |24)] p. 300. A rank r = 1 bundle has necessarily 
B = 0. The Chern class of the sum V ® V of two vector bundles is the product of 
polynomials C{V © V) — C(V) A C(V), keeping only terms of degree not greater 

1 For a general family of Hermitian matrices, deg eneracies occur with three external parameters; 
this is the Wigner-Von Neumann theorem, see tea], §79. Here, with the five external parameters 
(A, [Z]), degeneracies are expected to hold on two-dimensional surfaces. The degeneracy surface 
between bands 2 and 3 is a homologically non trivial sphere S 2 in R x CP 2 . 

2 A vector bundle F over a space P is a family of vector space F(p) which depend continuously 
on a parameter p £ P. In the Born-Oppenheimer approximation, vector bundles appear naturally: 
the vector space is spanned by the stationary state(s) of the fast motion, which depends on the 
slow classical state p 6 P in phase space. The topology of a vector bundle reflects the twists 
among the space F(p) as p is varied. A vector bundle with no topology (no twist) is called trivial. 
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than 2. 

For A < 1/2, on figure |](b), there are three distinct bands, and so three asso- 
ciated vector bundles of rank r = 1, noted Ti,T 2 ,T 3 . These bundles are trivial in 
the sense that for A = the eigenspaces do not depend on [Z], and by continuity 
the topology is also trivial for any A < 1/2. The Chern classes are C(Tj) = 1, with 
A = B = 0. 

For 1/2 < A < 2/3, there are degeneracy surfaces, and the three previous bundles 
T\, T2, T3 "interact" together and form a vector bundle T = T\ © T 2 © T3 of rank 3. 
This is exactly the vector space H e iec — C 3 which does not depend on [Z], so T is 
also trivial, this confirms that C(T) = 1. 

For 2/3 < A < 1, the previous bundle T decomposes into two bundles T = 
VLine © Vorth- The upper energy band corresponds to a rank 1 vector bundle VLine- 
By continuity, its topology can be computed at A = 1, and corresponds to the well 
known non trivial canonical bundle over CP 2 with C (VLine) =l + x, see [Q. The 
lower band corresponds to the orthogonal bundle Vorth- This is a non trivial bundle 
of rank r = 2, with C(V 0r th) = 1-x+x 2 , because 1 = C (T) = C(V Lme )AC{V 0r th). 
The vector bundle Vorth cannot be decomposed into two rank 1 bundles just because 
its Chern class can not be factorized, 1 — x + x 2 ^ (1 + Ax) A (1 + A'x) with 
integers A, A'. Therefore we obtain that Vorth is composed of two bands which are 
topologically coupled: a continuous perturbation cannot create a gap in it. To be 
decoupled, they would need a topological interaction with an external third band. 
This interesting phenomenon seems to be new in molecular physics. 

3.1 Number of energy levels in band and index theorem 

The relation between the topology of a vector bundle F defined in the Born- 
Oppenheimer approximation, and the number of levels in the exact energy spectrum 
is given by the remarkable index formula of Atiyah-Singer (iQ p. 330), which, in 
the case of the molecular model studied in this paper, reads as follows: 

Af(F) = [Ch (F) A Ch (Polyad) A Todd (CP 2 )] , 2 , (3) 
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where Ch(F) = r + Ax + ~ (A 2 — 2P) x 2 is the Chern character for the topology 
of the vector bundle F. Ch (Polyad) = exp (Nx) characterizes the quantization of 
the polyad spacef] , and Todd (CP 2 ) = 1 + |x + x 2 is related to the topology of the 
phase space CP 2 . To make calculation using the right hand side of the formula (gj , 
one has to multiply the three polynomials, and keep the coefficient of the term x 2 . 
This gives 



Af(F) = r -N 2 + 

It is easy to check that this formula gives the values of Nhine and North computed 
before. The Young tableau machinery was possible at A = 1 thanks to a special 
symmetry. Here the index formula with its topological nature is much more general 
and is valid for any values of A. The topology modification is related to the level 
exchange: in the interval 1/2 < A < 2/3 there is a transfer of AiV = Mhine — No = 
N + 2 levels to the upper group, through the degeneracy surface^. 

It is useful to note here that the number of quantum states for any band defined 
in the classical limit over CP 2 is a quadratic function of the polyad quantum number 
N. The coefficients of this quadratic polynomial give information about the total 
Chern class and therefore the topology of the fiber bundle. In the completely 
classical model, when both slow and fast dynamical variables are treated through 
classical mechanics, a similar relation between the volume of the reduced classical 
phase space and Chern classes was established by Duistermaat and Heckman 

In comparison with the ro-vibrational model described on a S 2 phase space of 
dimension 2 this model is much more rich due to the dimension 4 of the phase 
space CP 2 . The new phenomenon consists in a formation of the degeneracy surface 
together with the transition of a whole group of levels, instead of formation of 
isolated degeneracy points with transition of one level through each of them, for the 
case of S 2 phase space. The band topology is described by two integers (first and 

second Chern classes) which play the role of the topological quantum numbers for 

3 To be precise, Ch (Polyad) = exp (Nx) is the Chern Character of a holomoruhic line bundle 
which enters in the geometric quantization description of the space H po iyad- See [ ]25fl chap. 8. 

4 The value AN = (N + 1) + 1 can be interpreted as (N + 1) quantized states of the degeneracy 
sphere plus an extra level due to the topology of the degeneracy bundle. 
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energy bands. Topologically coupled energy bands (i.e. non decomposable vector 
bundles), appear for problems with four-dimensional CP 2 phase space, whereas for 
S 2 phase space one needs only a single Chern index to characterize the coupling 
with fast quantum subsystem, and consequently every elementary band has rank 1. 

It should be noted that the coupling of a slow classical subsystem with at least 
three electronic quantum states is a necessary condition to see the formation of 
topologically non trivial bands from initially isolated trivial bands. In the above 
model, two isolated trivial bands can not be transformed into non-trivial bands for 
topological reasons ^7j. This is just because the Chern class of a trivial rank 2 
bundle over CP 2 is C(T) = 1, and the decomposition into two rank one bundles 
T = Fx © F% gives the factorization C(C 2 ) = 1 = (1 + Aix)(l + A2X) which implies 
that A\ — A2 = 0, and that Pi and P2 are trivial bundles. This constraint does not 
exist in the case of vector bundles over sphere S2, where the Chern class is just a 
degree one polynomials (one just has then Ai = —A2). 

This precedent remark does not mean that two isolated trivial bands cannot 
become coupled due to vibronic interaction: the formation of degeneracy surfaces 
between two bands is naturally possible. 

4 Conclusions 

The model presented in this paper can be adapted to different situations in molecu- 
lar physics where the slow motion phase space can be S 2 , CP 2 , CP 3 , . . . and products 
of them, depending of the relevant degrees of freedom, which can be rotational, 
vibrational, or electronic. As a concrete molecular object which fits well the as- 
sumptions made by the present model, we can mention the ro- vibronic structure of 
Jahn- Teller molecule V(CO)6 P^| . This concrete example needs a slight extension 
to the model with a CP 2 x S 2 slow phase space coupled with three quantum states, 
and is especially interesting for further analysis. 

Our approach can also be used in other areas of physics where Born-Oppenheimer 
approximation is relevant and where the slow subsystem can be considered as clas- 
sical and coupled to several quantum states. 

>From the mathematical point of view we have shown a concrete manifesta- 
tion of Atiyah-Singer's index formula in molecular physics. This gives new field of 
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applications to the index formula. Up to now it was mainly related to quantum 
chromodynamics with the topology of instantons and gluon fields, but for different 
reasons (|Q p. 355). The topology of bands are also known to have an importance 
in solid state physics for the integer quantum Hall effect p9[ . Molecular systems 
supply a lot of new examples where the qualitative and quantitative predictions of 
Atiyah-Singer's index formula can be unambiguously tested and verified with high 
accuracy experimental measurements and numerical calculations. 
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